By means of the extended homogeneous balance method and the variable separation approach, more general variable separation solutions of the (2+1)-dimensional Broer-Kaup-Kupershmidt equation are obtained. Based on the variable separation solution and by selecting appropriate functions, new types of interactions between the multi-valued and the single-valued solitons, such as compactonlike semi-foldon and compacton, peakon-like semi-foldon and peakon, and bell-like semi-foldon and dromion, are investigated. Meanwhile, we also discuss the phase shift of these interactions. -PACS: 02.30.Jr, 02.30.Ik
Introduction
Since Lou and Lu successfully applied a kind of variable separation method, now called the multilinear variable separation approach (MLVSA), firstly in 1995 for the Davey-Stewartsen (DS) equation [1] , the MLVSA has been a nearly systematic process to solve (2+1)-dimensional nonlinear evolution systems. Recently, a quite "universal" formula has been found [1 -4] u ≡ λ (a 0 a 3 − a 1 a 2 )P x Q y (a 0 + a 1 P + a 2 Q + a 3 PQ) 2 ,
which is valid for the suitable physical fields or potentials of various (2+1)-dimensional physically interesting nonlinear models, such as the DS equation, the asymmetric DS equation, the long dispersive wave (LDW) equation, the dispersive long wave (DLW) equation, the Broer-Kaup-Kupershmidt (BKK) system, the Nizhnik-Novikov-Veselov (NNV) equation, the asymmetric NNV system, the generalized NNV equation, the long wave-short wave interaction model, the Maccari system, the (2+1)-dimensional AblowitzKaup-Newell-Segur (AKNS) system, a nonintegrable (2+1)-dimensional Korteweg-de Vries (KdV) equation, the general (N + M)-component AKNS system and the (2+1)-dimensional sine-Gordon equation. In expression (1) , P ≡ P(x,t) is an arbitrary function of {x,t}, Q ≡ Q(y,t) may be either an arbitrary func-0932-0784 / 05 / 1000-0687 $ 06.00 c 2005 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com tion of {y,t} or an arbitrary solution of a Riccati equation, while λ , a 0 , a 1 , a 2 and a 3 are taken as constants. In usual cases, the constant λ = ±2 or λ = ±1. Nowadays the MLVSA is still in progress aiming at two aspects. One is to extend this method to other nonlinear systems, such as the differential-difference equations [5] and the (1+1)-dimensional nonlinear systems [6] . Another is to obtain more general solutions in the sense that it admits more arbitrary separation functions into the solutions, and to search more new soliton structures. Apart from the traditional localized excitations including lumps, dromions, peakons, compactons, foldons, ring solitons, fractal solitons, chaotic solitons and so on [1 -4] , the properties of dromion-dromion, peakon-peakon, compactoncompacton, foldon-foldon interactions were studied [2 -4] . More recently, the properties of dromioncompacton, peakon-compacton, dromion-peakon interactions [7] were discussed. From mentioned above, we know that the interactions were discussed either between single-valued solitons, or between multi-valued solitons (foldons). To our best knowledge, the interactions between multi-valued and single-valued solitons, such as compacton-like semi-foldon and compacton, peakon-like semi-foldon and peakon, and belllike semi-foldon and dromion, which are focused in the present paper, were little reported in previous literature.
In order to study these new types of interactions, we take the (2+1)-dimensional Broer-Kaup-Kupershmidt equation (BKKE)
as a concrete example. The (2+1)-dimensional BKKE may be derived from the inner parameter-dependent symmetry constraint of the Kadomtsev-Petviashvili (KP) equation [8] . Using some suitable dependent and independent variable transformations, Chen and Li have proved that the (2+1)-dimensional BKKE can be transformed to the (2+1)-dimensional integrable dispersive long wave equation (DLWE) [8] 
and the (2+1)-dimensional integrable Ablowitz-KaupNewell-Segur equation (AKNSE)
u y = ψφ.
When we take y = x, the (2+1)-dimensional BKKE is reduced to the usual (1+1)-dimensional BKKE, which can be used to describe the propagation of long wave in shallow water [9] . In [11] , using the extended homogeneous balance method [12] , we have proved that the (2+1)-dimensional BKKE possesses a general variable separation solution (1). Zhu et al. [13] presented a more general solution for the (2+1)-dimensional BKKE. In this paper, we extend these results in [11, 13] to a more general one with more arbitrary functions. Meanwhile, based on the "universal" formula (1), some new types of interactions between compacton-like semi-foldon and compacton, peakon-like semi-foldon and peakon, and bell-like semi-foldon and dromion will be discussed.
Variable Separation Solutions for the (2+1)-Dimensional BKKE
According to the extended homogeneous balance method, we assume (2) and (3) have the solutions
where f (w), g(w), w (x, y,t) are to be determined later, and u 0 , v 0 are two seed solutions. It is evident that (2) and (3) possess trivial seed solutions u 0 = u 0 (x,t), v 0 = 0. Now substituting (9) and (10) together with the seed solutions into (2) and (3) yields (12) Setting the coefficients of the term w 3
x w y in (11) and (12) to zero, we obtain two ordinary differential equations for functions f (w) and g(w):
The following special solutions exist for (13) and (14):
Therefore
Using these results, (11) and (12) can be simplified as
Setting the coefficients of f (3) , f , f and g (3) , g , g in (17) and (18) to zero yields a set of partial differential equations for w(x, y,t):
By analysis, we find that (19) -(21) are satisfied automatically under the condition
From mentioned above, (2) and (3) are linearized by the transformations (9) and (10) . Since the (22) is only a linear equation, one can certainly utilize the linear superposition theorem. For instance
where the variable separated functions P k (x,t) ≡ P k and
are only the functions of {x,t} and {y,t}, respectively, and Q 0 (y) ≡ Q 0 . Inserting the ansatz (23) into (22) yields the following simple variable separated equations:
where b(t) is an arbitrary function of indicated variable. Then the general variable separation solution for the BKKE yields
where u 0 , P k and Q k satisfy (24) and (25).
In order to discuss new types of interactions between solitons, we have to leave the complex forms (26) and (27) and need to make some simplifi- (23) - (25) change into
From (29) and (30), u 0 and Q(y,t) can be solved, that is
where ϕ(y) ≡ ϕ is an arbitrary function of {y}. Therefore, a special variable separation excitation of the (2+1)-dimensional BKKE is
where P is an arbitrary function of {x,t} and Q is given in (32). From (34), we can see that it possesses the same form of the "universal" formula (1) with λ = 1.
New Types of Interactions between Solitons of the (2+1)-Dimensional BKKE
Here we do not discuss the general form (27) of G, and only discuss some localized structures for G expressed by (34). Actually, even in this special situation, one still finds abundant localized excitations for the (2+1)-dimensional BKKE because of the arbitrariness of the functions P, ϕ and b included in (32) -(34). In [11] , we have given out some coherent solutions for the field G such as dromions, conic solitons, lumps, oscillating dromions, breathers, and instantons in details. Ying and Lou have obtained some coherent structures of the (2+1)-dimensional BKKE by means of the truncated Painlevé expansion and the related Bäcklund [14] . Lou has also constructed (2+1)-dimensional compacton solutions and discussed their interaction behaviors [15] . Here we are interested in revealing some new types of interactions between solitons in the (2+1)-dimensional BKKE such as the interaction behaviors between compacton-like semi-foldon and compacton, peakon-like semi-foldon and peakon, and bell-like semi-foldon and dromion.
Based on the physical quantity (34), semi-folded localized structures can be discussed, when function Q is a single-valued function and P is selected via the relations
where d i (i = 1, 2,...,N) are arbitrary constants, κ i and χ i are localized excitations with the properties κ i (±∞) = 0, χ i (±∞) = constants. From (35), one can know that ζ may be a multi-valued function in some suitable regions of x by choosing the functions χ i appropriately. Therefore, the function P x , which is obviously an interaction solution of M localized excitations due to the property ζ | x→∞ → ∞, may be a multi-valued function of x in these areas; though it is a single-valued function of ζ . Actually, most of the known multi-loop solutions are special cases of (35). More properties of the multi-valued function under change of the degree of multivaluedness can be found in [14] . In order to discuss the interaction property of localized excitations related to the physical quantity (1) or (34), we first study the asymptotic behaviors of the localized excitations produced from the formula (1) when t → ∞.
Asymptotic Behaviors of the Localized Excitations Produced from (1)
In general, if functions P [considering (35)] and Q are selected as multi-localized solitonic excitations with (
where {P i , Q j }∀i and j are localized functions, then the physical quantity expressed by (1) delivers M × N (2+1)-dimensional localized excitations with the asymptotic behavior
In the above discussion, it has been assumed, without loss of generality, that c i > c j ,
From the asymptotic result (38), we discover some important and interesting facts: (i) The i j-th localized excitation u i j is a travelling wave moving with the velocity d i along the positive Fig. 1 . Compacton-like semi-foldon structure for G with conditions (49) and (50) (a) (ii) The properties of the i j-th localized excitation u i j is only determined by P i of (36) and Q j of (37).
(iii) The shape of the i j-th localized excitation u i j will be changed (non-completely elastic or completely inelastic interaction) if
and (or)
following the interaction. On the contrary, it will preserve its shape (completely elastic interaction) during the interaction if
(iv) The phase shift of the i j-th localized excitation u i j reads
in the x direction and
in the y direction.
Compacton-like Semi-foldon Structure
Due to the arbitraries of constants a 0 ∼ a 3 in (34), we can discuss various localized excitations based on (34) by choosing special values of these constants a 0 ∼ a 3 (see [2] in details) and the arbitrary functions P, ϕ and b. For discussing the following new types of semi-foldons and interaction behaviors, we take a 0 = 8, a 1 = a 2 = 1, a 3 = 0.3 for convenience. Now we discuss some new coherent structures for the physical quantity G, and focus our attention on (2+1)-dimensional semi-folded localized structures, which may exist in certain intricate situations. When the function Q is a single-valued function and P is selected as (35) with N = 1, namely (34) with (50) and (51) at
The corresponding sectional view at {t = −25, y = 0} (dotted line before collision), {t = 1, y = 0} (solid line in collision), {t = 25, y = 0} (dashed line after collision), respectively.
then we can obtain a new type of semi-folded localized excitation looking like a compacton-like loop soliton (compacton-like semi-foldon). The corresponding coherent structure is depicted in Fig. 1 , from which one can find that the semi-folded coherent structure possesses novel properties, namely, it folds as loop soliton in the x direction and localizes as compacton in the y direction.
Interaction between Compacton-like Semi-foldon and Compacton
Due to the arbitrariness of the functions in solution (34), we can discuss the interaction behavior between compacton-like semi-foldon and compacton by selecting Q as a single-valued piecewise smooth function (50) and P as (35) with N = 2, χ 2 = 0, d 1 = 0.3,
From Fig. 2 , one can see the interaction between multi-valued compacton-like semi-foldon and singlevalued compacton is non-completely elastic since the amplitude of the moving semi-foldon decreases. This property is different from the completely elastic interaction between either single-valued and single-valued solitons [7, 15] , or multi-valued and multi-valued solitons (foldons) [4] . Meanwhile, the phase shift can be observed. In order to reveal the phase shift more clearly and visually, it has proved convenient to fix the compacton possessing zero velocity. Prior to interaction, the compacton has set to be {v 0x = d 2 = 0, v 0y = 0}, however, the position located by compacton is still altered about from x = −1.5 to x = 1.5, then stops at x = 1.5 and preserves its initial velocities {v x = v 0x , v y = v 0y } after interaction. Therefore the phase shift of the static compacton is δ
The final velocities V x and V y of the mov- Fig. 3 . Evolution profiles of the interaction between semi-foldon and peakon determined by (34) with (51) and (52) 
Interaction between Peakon-like Semi-foldon and Peakon
Similarly, one of the simplest selections for discussing the interaction between peakon-like semifoldon and peakon is to take an arbitrary multi-valued function and an arbitrary single-valued function, i.e. P is selected as (51) and Q has the following form
From Fig. 3 , one can see the interaction behavior between peakon-like semi-foldon and peakon is also non-completely elastic. This semi-folded localized excitation folds as loop soliton in the x direction and localizes as peakon in the y direction; so we call it a peakon-like semi-foldon. The shape and amplitude of the static peakon hardly change after collision, while the amplitude of the moving semi-foldon with the velocity {V x = 0.3,V y = 0} decreases. Before the interaction, the static peakon is located at x = −1.5 and after the interaction, it is shifted to x = 1.5. By careful analysis similar to Section 3.3, we know that the phase shift of the static peakon is 3, and for the moving semi-foldon exists no phase shift. These properties are analogous to the case in Section 3.3.
Interaction between Bell-like Semi-foldon and Dromion
Finally, we discuss the interaction between bell-like semi-foldon and dromion. When P possesses the form of (51) and Q is taken as
then the interaction between bell-like semi-foldon and dromion can be observed. This semi-folded localized excitation folds as loop soliton in the x direction and Fig. 4 . Evolution profiles of the interaction between semi-foldon and dromion determined by (34) with (51) and (53) localizes like a bell in the y direction; so we call it a bell-like semi-foldon. From Fig. 4 , one can see the interaction between multi-valued semi-foldon and single-valued dromion is also non-completely elastic which is analogous to the above two cases. The shape and amplitude of the static dromion hardly change after collision, while the amplitude of the moving semi-foldon with the velocity {V x = 0.3,V y = 0} decreases. Furthermore, the phase shift of the static dromion can be observed. Before the collision, the static dromion is located at x = −1.5 and after the collision, it is shifted to x = 1.5. Similarly to analysis in Section 3.3, we know that the phase shift of the static dromion is 3, and for the moving semi-foldon exists no phase shift.
Summary and Discussion
In summary, using the extended homogeneous balance method and the variable separation approach, more general variable separation solutions of the (2+1)-dimensional Broer-Kaup-Kupershmidt equation are obtained. From the special variable separation solution (34) and by selecting appropriate functions, new types of interactions between the multi-valued and the single-valued solitons, such as compacton-like semi-foldon and compacton, peakon-like semi-foldon and peakon, and bell-like semi-foldon and dromion, are found. By means of analysis of asymptotic behaviors and the profiles in Figs. 2 -4 , one can find that their interactions are non-completely elastic which is different from the completely elastic interaction between either single-valued and single-valued solitons or multi-valued and multi-valued solitons (foldons). Moreover, the static single-valued solitons all exist phase shift, while the amplitudes of semi-foldons all decrease.
What we further verified that the extended homogeneous balance method and the variable separation approach are quite useful to generate abundant localized excitations for many models. In our future work, on the one hand, we devote to extend this method to other nonlinear systems, such as the differential-difference equations and (1+1)-dimensional nonlinear systems. On the other hand, we will look for more interesting localized excitations.
